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We study the black body radiation in cavities of different geometry with different boundary conditions, and
the formulas of energy spectral densities in films and rods are obtained, also the approximate energy spectral
densities in cubic boxes are calculated. We find that the energy spectral densities deviate from Planck’s formula
greatly when the length(s) at some directions of the cavity can be compared to the typical wavelengths of black
body radiation in infinite volume and the boundary conditions also affect the results. We obtain an asymptotic
formula of energy spectral density for a closed cavity with Dirichlet boundary condition and find it still fails
when the size of the cavity is too small.
PACS numbers: 42.50.Ct, 42.50.Nn, 44.40.+a
I. INTRODUCTION
In early days of quantum mechanics, black body radiation
played an important role. In 1901, Planck first proposed the
concept of energy quantization when he studied black body
radiation [1], and this is just the origin of quantummechanics.
It is well known that the Planck’s formula (PF) for blackbody
radiation states that the energy spectral density only depends
on temperature, regardless of the shape and the size of the
cavity. The derivation of this formula assumes that the size
of the cavity is large enough and thus the density of state (the
number of modes in a frequency interval) is independent of
the geometry of it. Now it’s natural to ask: Can PF correctly
describe the blackbody radiation when the cavity size is no
longer large enough? To illustrate this clearly, let us consider
the following case: at 300K, more than 99% energy is car-
ried by the modes whose wavelengths are larger than 3×10−6
m according to Planck’s formula. However, for example, in a
cube whose length is shorter than 3×10−6m, the modes larger
than 3×10−6 m can’t exist, so the spectral density in this cube
will deviate greatly from the PF. Just as pointed out in Ref. [3]
that the PF is only applicable if (λ/L)3 ≪ ∆λ/λ ≪ 1, where
L is the length of the cube and ∆λ is the wavelength interval.
This clearly shows that when the size of the cavity is small
enough, the PF is no longer suitable, so we need to develop
new methods to study the blackbody radiation in small cavi-
ties.
After Planck’s publication, the wave equation’s eigenvalue
distribution was investigated in Refs. [4, 6–10], which is re-
lated to the correction of Planck’s formula. By their method
of asymptotic expansion, we can get some correction terms
which relate to the geometry properties of the cavity as well
as the boundary conditions. However, as indicated in Ref. [2],
we will show in this paper, this asymptotic expansion method
has its inherent limitations, that is, the size of the cavity is lim-
ited small but still large enough compared to the wavelength
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of black body radiation. When the size of the cavity is small
enough, more exact but laborious method is needed.
In this work, we intend to study how geometry and bound-
ary conditions affect blackbody radiation when the size of the
cavity is small enough. This paper is organized as follows:
In Sec II A, we study the energy spectral density in film and
rod with periodic, antiperiodic and Dirichlet boundary condi-
tions respectively. In Sec II B, we calculate the approximate
energy spectral density in cubic box with periodic, antiperi-
odic and Dirichlet boundary conditions respectively. In addi-
tion, we compare the differences in energy spectral densities
caused by geometry and boundary conditions. We also obtain
an asymptotic formula of energy spectral density for a closed
cavity with Dirichlet boundary condition and show in what
range it is better than the PF and in what range it fails.
II. BLACK BODY RADIATION IN DIFFERENT CAVITIES
WITH DIFFERENT BOUNDARY CONDITIONS
A. Film and Rod
First, let’s review the derivation of PF. Consider an en-
semble of oscillators in thermal equilibrium, by assuming
the quantized values of an oscillator’s energy, we obtain
an oscillator with frequency ω has average energy ε(ω) =
h¯ω [exp(h¯ω/kBT )− 1]−1, where kB is the Boltzmann con-
stant. Then we calculate the density of states (DOS) g(ω)dω
in the cavity, which means the number of modes in the in-
terval (ω ,ω + dω). If we assume that the size of the cav-
ity is large enough, ω becomes continuous and we can get
g(ω) = Vω2/pi2c3, which is independent of the geometry of
the cavity. Finally, the spatial energy spectral density (energy
spectral density in unit volume, we will call it energy spectral
density for short in this paper) can be written as
u(ω ,T )dω =
εg(ω)dω
V
=
1
pi2c3
h¯ω3dω
eh¯ω/kT − 1
, (1)
which is the famous PF. It’s notable here that Eq. (1) is in-
dependent of the geometry of the cavity, which is caused by
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FIG. 1. (Color online.) Energy spectral densities in a film
with Dirichlet boundary condition (top panel), periodic bound-
ary condition (central panel) and antiperiodic boundary condi-
tion (bottom panel) at 300 K. L is the distance between the two
surfaces of the film.
the geometric independence of ε(ω) and DOS. ε(ω) is de-
rived from statistical considerations, and DOS is derived from
geometry considerations, which is a good approximation only
for a cavity with infinite volume. A proof for the validity of
this approximation is given by Courant and Hilbert [6].
Similar to Planck’s derivation, in this work we assume that
the small size of the cavity does not affect the Bose statistics
of the photons, i.e., we suppose the average energy formula
ε(ω) = h¯ω [exp(h¯ω/kBT )− 1]−1 still works. This means that
our correction of PF concentrates on the correction of DOS.
Now, Let’s derive the energy spectral density in a thin film,
which can be regarded as two infinite plates at a distance. For
the simplicity in later discussions, we first consider the eigen-
modes of black body radiation in a box. L1,L2 and L3 are
the lengths of the box at x,y and z directions. If we take the
periodic boundary conditions, the wave vector is given by
k =
√
k2x + k
2
y + k
2
z
= 2pi
√
n21
L21
+
n22
L22
+
n23
L23
,
n1,n2,n3 = 0,±1,±2, . . . , (2)
where kx,ky and kz are the three components of the wave vec-
tor. In the case of film, we let L2 and L3 approach to infinite
but L1 be finite, thus ky and kz become continuous. It’s easy to
write the DOS
g(k)dk =
L2L3
pi
∑
ki
kdk, |ki|=
2pi |n1|
L1
< k, n1 ∈ Z, (3)
which can be written as
g(k)dk =
L2L3
pi
(2[
kL1
2pi
]+ 1)kdk, (4)
where [x] means integer-valued function. The energy spectral
density is
u(ω ,T )dω =
1
pic2L1
h¯ω2
eh¯ω/kT − 1
(2[
ωL1
2cpi
]+ 1)dω . (5)
It depends on the distance between the two plates. When L1
approaches to infinite, 2[ωL1/2cpi] + 1 ≈ ωL1/cpi, Eq. (5)
reduces to the PF.
If the antiperiodic boundary condition is taken, we can get
u(ω ,T )dω =
2
pic2L1
h¯ω2
eh¯ω/kT − 1
[
ωL1
2cpi
+
1
2
]dω . (6)
Similarly, in Dirichlet boundary condition, we have
u(ω ,T )dω =
1
pic2L1
h¯ω2
eh¯ω/kT − 1
[
ωL1
cpi
]dω . (7)
It’s easy to find the results with different boundary conditions
are different, especially when L1 is small compared to the typ-
ical wavelengths. Fig. 1 shows the energy spectral densities of
films at different L1 with different boundary conditions. For
antiperiodic and Dirichlet boundary conditions, there’s a cut-
off frequency. But for periodic boundary condition, there’s not
such a cut-off frequency and thus the energy density tends to
infinite as L1 tends to 0. For a slim rod with periodic boundary
condition, there is also such "infrared divergence". The au-
thors of Ref. [2] dealt with the problem by claiming that every
experimental apparatus has a resolution ∆E and we need not
to count the modes whose ω < ∆E/h¯. For Dirichlet boundary
condition, energy densities at every frequency are not higher
than that of the PF’s results, which can be easily seen from
Eq. (7), because [x] ≤ x. But for periodic and antiperiodic
boundary conditions, energy densities at some frequencies are
higher than PF’s results. When L1 is large enough compared
to the typical wavelengths, the energy spectral densities with
different boundary conditions all coincide with the PF.
3Similar to the derivation above, we derive the energy spec-
tral density of a slim rod. In Eq. (2), we let L3 approach to
infinite but L1,L2 be finite, it’s also easy to write the DOS
g(k)dk =
2L3
pi
∑
k21+k
2
2<k
2
kdk√
k2− (k21+ k
2
2)
,
(k1,k2) = (
2n1pi
L1
,
2n2pi
L2
), n1,n2 ∈ Z.
(8)
The energy spectral density is
u(ω ,T )dω =
2
pic2L1L2
h¯ω2
eh¯ω/kT − 1
×
∑
k21+k
2
2<
ω2
c2
dω√
ω2
c2
− (k21+ k
2
2)
,
(k1,k2) = (
2n1pi
L1
,
2n2pi
L2
), n1,n2 ∈ Z. (9)
In antiperiodic boundary condition case, we just need to re-
place (k1,k2) by
(k1,k2) = (
2(n1+ 1/2)pi
L1
,
2(n2+ 1/2)pi
L2
), n1,n2 ∈ Z.
(10)
in Eq. (9). Also, in Dirichlet boundary condition case, we
replace (k1,k2) by
(k1,k2) = (
n1pi
L1
,
n2pi
L2
), n1,n2 ∈ N
∗. (11)
in Eq. (9). Fig. 2 shows the energy spectral densities in rods of
different L1 (L2 = L1) with different boundary conditions. It is
found that the energy spectral densities reduce to PF when L1
is large enough. Similar to the case of film, when L1 is small
compared to the typical wavelengths, the energy spectral den-
sities deviate from PF greatly. The boundary conditions also
influence the results. It is noticed for all these three bound-
ary conditions, the energy densities at some frequencies are
higher than PF’s results. We also notice for a rod, the curves
of spectrums oscillate more violent than that of a film.
An important thing we note is that so long as the length(s) in
the constrained direction(s) is small enough, the spectrumwill
deviate from the PF greatly even at high frequencies where the
PF is supposed to be exact.
Just as shown abovewe discussed the effect of small size on
energy spectral density in the case of film and rod, in the next
section, we will study the effect of small size on the blackbody
radiation in a cubic box.
B. Box
Different from the cases of film and rod, we can not de-
fine DOS for a cavity with finite volume because of the dis-
crete values of frequencies, so we also can’t define the energy
spectral density for such systems. But we can define an ap-
proximate energy spectral density. If we divide the frequency
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FIG. 2. (Color online.) Energy spectral densities in a rod with Dirich-
let boundary condition (top panel), periodic boundary condition (cen-
tral panel) and antiperiodic boundary condition (bottom panel) at 300
K. Here L1 = L2 = L is taken.
into many small intervals with the length of ∆ω , the energy
spectral density on (ω ,ω +∆ω) can be defined as
u(ω ,T ) =
∑
ω<ωi<ω+∆ω
N(ωi)
V∆ω
h¯ωi
eh¯ωi/kT − 1
, (12)
where ωi are the allowed discrete values of ω and N(ω) is the
number of modes of frequencyω . When the number of modes
is great enough in each interval, the approximate energy spec-
tral density appears to be continuous and inert to the change
of ∆ω , as long as ∆ω is still small enough. This definition
is similar to the definition given by Ref. [2], but our ∆ω is a
constant once specified.
For a cubic box with the periodic boundary condition, the
wave vector takes the values given in Eq. (2). We run over
all integers to get N(ω) and then calculate the approximate
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FIG. 3. (Color online.) Energy spectral densities in a cubic box
with periodic boundary condition (red) and antiperiodic boundary
condition (blue) at 300 K, ∆ω = 1013 Hz. The cavity sizes are with
different values at L1=0.01 mm in top panel, L1=0.05 mm in central
panel and L1=0.2 mm in bottom panel respectively.
energy spectral density. Antiperiodic boundary condition and
Dirichlet boundary condition cases are obtained in the same
way. Fig. 3 shows the approximate energy spectral densities
of a cubic box at different length L with periodic and antiperi-
odic boundary conditions. We can see that when L is large
enough, the approximate energy spectral densities coincide
with PF but when L is small enough, they deviate from the
PF greatly. When L is small, the oscillation of the curves in-
dicates that there are only a few modes in each interval ∆ω ,
which means that the spectral density cannot be considered as
continuous anymore, whereby the concept of energy spectral
density is not suitable. It is amazing to find that if the length
of the cubic box is small enough, the energy density in the box
will become very small compared with that in infinite volume.
Now we want to know when the asymptotic formula (cor-
rection formula by the method of asymptotic expansion) will
work well and fail. From the result given in Ref. [5], we ob-
tain an asymptotic formula with Dirichlet boundary condition
for a closed cavity with an arbitrary shape,
uasy(ω ,T )dω = (
h¯ω3
pi2c3
−
A
V
h¯ω2
4pic2
+
M
V
h¯ω
3pi2c
)
1
eh¯ω/kT − 1
dω ,
(13)
where A is the surface area of the cavity, M is the surface inte-
gral of mean curvature. M =
∫
S
1
2 (κ1+κ2)dS with κ1 and κ2
the principle curvatures at the surface. Fig. 4 shows the com-
parison between the PF, Eq. (13) and the approximate energy
spectral density by Eq. (12) for a cubic box and a sphere with
Dirichlet boundary condition. We can see when the length of
the cavity is so small that the spectral density becomes dis-
crete, both PF and (13) fail and (13) even gives meaningless
minus results. When the cavity is large enough, the three coin-
cide each other. When L is neither extremely small nor large,
Eq. (13) is more close to the real energy spectral density than
PF.
As shown in Figs. (2-4), when the cavity size is large
enough, the blackbody radiation spectrums obtained by three
different boundary conditions tend to the standard PF, which
we can expect in advance. However, when the cavity size
is small enough, the blackbody radiation spectrums obtained
with different boundary conditions are completely different.
Then, a natural problem arises, that is, which boundary con-
dition is true? Regarding this issue, our views are as follows:
When we consider the blackbody radiation in a small cavity
, since the photons cannot escape from the cavity, it is the-
oretically necessary to use Dirichlet boundary condition. Of
course, this requires further testing by the experiment.
III. CONCLUSION
In this paper, we investigated the geometry effect on black-
body radiation with different boundary conditions. Here we
summarize the main conclusions of this study (include some
common knowledge):
(1)We derived the formula of blackbody radiation for a film
and a rod with different boundary conditions.
(2) The geometry effect of black body radiation is great
when the length(s) at constrained direction(s) of the cavity is
not large compared to the typical wavelengths of black body
radiation.
(3) Planck’s formula can not describe black body radiation
properly in a very small cavity, neither does asymptotic for-
mula, which is better than PF when the volume is finite and
not too small.
(4) The boundary conditions also influence blackbody radi-
ation, especially when in small cavities.
(5) The concept of energy spectral density is not suitable
for a closed cavity, especially when the size of the cavity is
close to the wavelengths of blackbody radiation.
Finally, we stress that in this paper we still assume that
the small size does not affect the Bose statistics, which obvi-
ously needs to be tested experimentally, and deserves further
research. In fact, some experiments have recently suggested
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FIG. 4. (Color online.) Energy spectral densities in different geometric cavities with Dirichlet boundary condition at 300 K. The left panel is
in a cubic box with L1=0.01 mm (top panel), L1=0.05 mm (central panel), and L1=0.2 mm (bottom panel) respectively. The right panel is in a
sphere with d=0.01 mm (top panel), d=0.05 mm (central panel), and d=0.2 mm (bottom panel) respectively.
that small volume effect may affect quantum statistical distri-
bution. For example, as shown in Ref. [11], no more than
ten photons show Bose-Einstein condensation in a small cav-
ity. This indicates that new physics may exist in the extremely
small volume.
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